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Abstract—This paper presents a full degrees-of-freedom
(DOFs) robust control design for a nonlinear quadrotor un-
manned aerial vehicle (UAV) operating under bounded distur-
bances. Second-order sliding modes controllers (SOSMCs) are
designed so that the quadrotor UAV can follow a 3D trajectory
in the presence of model uncertainties, underactuation, as well
as external disturbances that may be matched or mismatched,
and vanishing or nonvanishing. The stability analysis of the
closed-loop system is presented via the Lyapunov method,
showing the finite-time convergence of the system trajectories to
the sliding surfaces, as well as the finite-time convergence of the
quadrotor position and attitude to their reference values. The
high-gain adaptation (HGA) method is adopted in the SOSMC
technique, called SOSMC-HGA, to alleviate the chattering
phenomenon. Simulation studies in different scenarios demon-
strate that the SOSMC technique exhibits superior tracking
performance and robustness properties compared to concurrent
control methods for tracking reference trajectories of quadrotor
UAVs. The simulation results confirm that SOSMC-HGA signif-
icantly attenuates the chattering phenomenon in control signals
and system states, which is an important improvement, as it
increases the safety of UAVs and reduces power consumption.

I. INTRODUCTION

The concept of multi-rotor aerial vehicles (MAVs) was
introduced into aerial robotics more than two decades ago
[1], [2]. Recently, there has been significant interest in
MAVs, particularly quadrotor platforms, representing un-
manned aerial vehicles (UAVs) with four rotors. The dy-
namics of MAVs is typically nonlinear and strongly cross-
coupled, making them highly vulnerable to different uncer-
tainties and disturbances. Consequently, designing control
strategies for such systems is a quite challenging task.
However, MAVs offer several advantages over conventional
helicopters [3]-[5], including simple construction, excellent
maneuverability, high payload capacity, and low-cost main-
tenance [6]. Furthermore, advances in electronics, light ma-
terials, batteries, and sensors in recent decades have allowed
MAVs to be equipped with a wide range of equipment
without a significant impact on their payload [1].

Initial implementations of various control methods, such
as the PID controller, the linear-quadratic regulator (LQR),
the backstepping and the sliding mode control (SMC), for
unmanned operations of micro-quadrators were first intro-
duced in [1] and [7]. Subsequently, improvements have been
made in the control design of MAVs, enabling them to
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perform aggressive maneuvers [8]-[10] and complex oper-
ations [11]. Due to their ability to perform vertical take-
off and landing (VTOL) [12], as well as operate in indoor
and outdoor environments [13], [14], MAVs are extensively
used in various civil and military applications [15], including
rescue operations [16], surveillance, fault detection [17],
[18], inspection tasks [19], monitoring [20], mapping and
localization [21], navigation in unknown environments [22],
and serving as educational platforms [23], among others.

Additionally, quadrotor UAVs are characterized as under-
actuated systems with four controlled variables (thrust and
three moments) and six actual outputs (position and ori-
entation coordinates). These systems have fewer controlled
variables than DOFs, making them suitable for applications
(in aerial, underwater, or space robotics) that require weight
reduction, cost efficiency, and energy conservation. However,
designing control strategies for underactuated systems is
challenging, as it is typically not possible to use smooth
feedback to locally stabilize their states [24]. As a result,
SMC methods have been implemented to robustly stabilize
quadrotors affected by disturbances and uncertainties [6],
[24]-[27]. Nevertheless, previous studies [6], [24], [25], [27],
[28] have used simplified quadrotor models to evaluate the
performance of SMCs, or even adjust initial conditions to
eliminate the reaching phase and consequently avoid the
chattering phenomenon [6], [24], [26], [27].

The aim of this paper is to develop a robust full DOFs (po-
sition and orientation coordinates) control technique based on
the second-order sliding mode (SOSM) for tracking 3D tra-
jectories of quadrotor UAVs affected by various disturbances.
The highly nonlinear dynamics of the quadrotor is obtained
using a generalized framework for MAV modeling [29], [30].
Stability analysis and control design are conducted using
the Lyapunov method. Accordingly, the designed SOSMC
ensures the finite-time convergence of the closed-loop system
trajectories to the sliding surface. In addition to the first-
order SMC (FOSMC) for tracking 3D trajectories of MAVs
[31], [32], it also guarantees finite-time convergence of the
quadrotor position and orientation to their desired values.
Thereby, the flat mapping [30] between Cartesian coordinates
(z,y) and Euler’s roll and pitch angles (¢, #) is incorporated
into SOSMC, simplifying the closed-loop control design.
This approach provides convergence not only of UAV attitude
tracking errors in finite-time as in [33], [34], but also of
the quadrotor position tracking errors. Moreover, the HGA
algorithm is effectively included in the SOSMC scheme,



where the switching control gain increases during the reach-
ing phase, that is, before the sliding surface is reached,
and then the switching gain starts to decrease. Therefore,
the SOSMC-HGA approach does not require the use of
disturbance estimators [35] or robust internal loop compen-
sators (RICs) [36] for chattering attenuation due to reduced
switching control gain in SMs. The proposed SOSM-based
control scheme will demonstrate through simulation studies
an excellent ability to track the reference trajectories of
the quadrotor UAV exposed to various uncertainties and
disturbances. Comparison analysis with concurrent results
[31], [32] will be presented in terms of the robustness and
tracking performance of the control system to track the
trajectory.

The structure of the paper is as follows. Section II presents
the highly nonlinear mathematical model of a quadrotor UAV
using a generalized framework for MAV modeling. Section
IIT describes a detailed control design procedure based on
SOSMs for robust stabilization of the quadrotor UAV. The
effects of external disturbances on the quadrotor UAV are
analyzed in Section IV through several simulation scenarios.
The paper ends with the conclusion remarks in Section V.

II. KINEMATICS AND DYNAMICS OF THE QUADROTOR
UAV

The quadrotor UAV discussed in this paper is conceptualized
as a structurally rigid entity, consisting of four propellers
driven by four DC motors positioned symmetrically. In
addition to the symmetric arrangement of the propellers,
the rotors adopt a balanced PNPN configuration (positive-
negative-positive-negative) [30]. This configuration ensures
that propellers 1 and 3 perform rotations in the positive
direction, while propellers 2 and 4 spin in the negative
direction. For visual reference, the UAV is shown in Fig.
1. The control module is strategically placed at the central
hub of the quadrotor, establishing a direct connection to each
propeller through uniform-length arms, denoted /. In addition
to defining the physical structure of the UAYV, the coordinate
axes X, Y, and Z are introduced, aligning with the spatial
orientation. Each rotor generates a distinct force, labeled
F;, where ¢ = 1,2,3,4. These forces are mathematically
expressed as F; = bQ)?, where b represents the constant of
motor thrust (consistent across all motors) and (2; denotes the
angular velocity of the ¢-th motor. The force vector that acts
on the body of the quadrotor is defined as F = Fg + T(e
Rg), where Fg is the gravitational force vector, while T is
the thrust vector. The thrust vector T represents the sum of
all forces consequential of the rotation of the propellers and
is assumed to only have a non-zero value in the direction of
the Z axis, so it can be writtenas T=1[0 0 T.] T
thrust 7', along the Z axis is
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The propellers were directed and placed so that rotation
around the X axis is achieved solely by forces F} and

, where

F5, while rotation around the Y axis is obtained solely by
forces F5 and Fy. The drag moment of motor ¢ is defined as
M; = d? for the corresponding axis, where d is the drag
constant of the rotor. The moment vector is now defined as

T= |1 = bl(Q3 — Q3) . )
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Virtual control vector u € R* can be expressed as
u= [Tz T]T = [T Te Ty TZ]T = A€, 3)

where vector Qg € R* of angular speed of rotors, represented
by
Q. =[0F 9 o3 o, (4)

is the only controllable variable, while actuation matrix A €
R**4 is responsible for transforming angular speed to virtual
control as follows
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To provide an accurate description of the quadrotor system,
it is essential to determine the relations between the local
coordinate system XY Z and the global coordinate system
XpYpZp. The local coordinate system is introduced as
ENU system (Cartesian xEast, yNorth, zUp). Position vector
x=[z y 2z T is used to describe the position of the UAV,
and since a rigid body has six DOFs in a 3D space, it is also
necessary to use vector ¥ = [¢ 0 w]T of Euler’s angles
to describe a quadrotor’s orientation. Furthermore, in order
to keep the notation short s, will represent sin(a) while ¢,
will denote cos(«) for any angle . Now, the rotation matrix
R which transforms from local to global coordinate system
is [31].
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R(¢,0,¢) =

This matrix now defines the relationship between the Velocit%/
vector in the global coordinate system %X = [& 7 Z]
and linear velocity vector in the local coordinate system

as X = R(¢, 0,1)v. Moreover, angular

v=1[u v w]" T
is

velocity vector in the local frame P = [P Q R]
connected with rotational velocity vector ¥ = [gb 6 ZZ)}

as
¥ =R, (4.6,9)P, (7)

where inverse of the angular rotation matrix can be derived
as [31]
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Applying D’ Alembert’s principle yields the following
Smv+mv —T —-FE =0. 9)



Solving (9) with respect to v follows
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where m represents a total mass of the quadrotor and
S € R3*3 is a skew-symmetric matrix consisting of angular
velocities [30]

0 —-R Q
S=|R 0o -P (11)
Q P 0

The gravitational force vector Fg € R? can be expressed in
the global coordinate system as .
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where g denotes the acceleration of gravity. By defining
the matrix of the inertia tensor as J = diag(lys, Iyy, I.-),
where the moments of inertia I, I, I, around each axis
are obtained using the Huygens-Steiner theorem [30], the
dynamics of angular motion can be described as
P=J1(r-SJP). (13)
Now, the full state-space model of the quadrotor UAV is
described using (10) and (13) as follows .

T = cpcyput (5¢590¢—c¢sw) v+ (c¢59cw+s¢s¢) w (14)
Y = cosypu-+ (s(z,sasw —|—c¢cw) v+ (C¢898¢—S¢C¢) w (15)

z = —SpU+SpCoV+CpCow (16)

U= Rv—Quw+gsy (17)

0 = Pw—Ru—gsecy (18)

T
w:Qu—Pv—g%ce—i—— (19)
I ZZ Izzm

P = R+ W, 20
RS S AL 20

- I,—1 I

Q — zZz xTrxr PR—i—i— zzm PWG (21)
IM Iyy Ly,

R= Tra ny 22
A 22

¢ = P+Q8¢t9 +RC¢t9 (23)

é = QC¢—RS¢ (24)

) =Q2yR% (25)
Co Co

More details regarding the kinematics and dynamics of
quadrotors, based on the generalized framework for modeling
of MAVs, can be accessed in our previous work [29]-[32],
[37].

Fig. 1: Forces and moments acting on the quadrotor UAV

III. DESIGN OF THE SOSMC FOR TRAJECTORY
TRACKING OF A QUADROTOR UAV

This section presents the control design strategy based on the
second order SMs for a robust stabilization of the quadrotor
UAV operating under various bounded disturbances. Con-
trollers are designed so that the quadrotor UAV is able
to follow a 3D trajectory in the presence of modeling
and parametric uncertainties, as well as bounded external
disturbances, that may be matched or mismatched, as well
as vanishing or nonvanishing.

A. SOSM based altitude control of the quadrotor UAV

Consider the altitude tracking error e, as

€z = 2 — Zref, (26)
and the altitude sliding variable o, as
0. = é. + csles|Tsgn(es), 27

where z..; represents the altitude reference and c, is a
positive constant. The altitude sliding manifold

0. = ¢, + csles|Zsgn(es) =0 (28)

ensures the nonlinear and continuous altitude phase trajectory
in the phase plane, despite the presence of the switching
function sgn(o,). A candidate Lyapunov function is chosen
as

Nl\)

V,= -2
2’

representing a positive definite and continuously differen-

tiable function. The first derivative of (29) is negative definite

if the following condition of finite-time convergence [32]

(29)

6.+ B.sgn(o,) =0 (30)

holds, where 3, is a positive constant. Indeed, using (30) and
calculating the derivative of (29) along the system trajectories
in the absence of disturbances yields

Vz =0,0,= _/Bzo'zsgn(o'z) =—f. |Uz| . (31



If the switching magnitude is selected as 3, > «/v2, where
« is a positive constant, the upper bound on V, is

|=—aV2, (32)

. o
Vtz S _7|0'z
V2
ensuring the convergence of the system trajectories to the
sliding manifold (28) in finite-time

(33)

Hence, the SOSM based altitude controller of the quadrotor
UAV is designed using (30), where ¢, is expressed by
derivative of (27) as

Cr€;
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Second derivative of the quadrotor altitude is obtained by
deriving (16) as

zZ= —caéu — SpU — s¢599v + c¢09gi>v + s4co0+ (35
— c¢399w — s¢03gf)w + cpCo.
Substituting w from (19) in (35) yields
G, = —colu — sgt + Ajv + Ao + Asw+
T C.€, 36
+A2(QqugA2+)émf+ . (36)
m 2|ez|§

where notations A; = cgsg 1 Aa = cocy are used to simplify
the equations. Now, by combining (36) and (30), the thrust
control law is derived as follows .
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The system trajectory can be outside the sliding surface
either at the start of the transition due to initial conditions
or later due to the effect of disturbances. The main task
of the thrust switching control term —3.sgn(o,) in (37) is
to ensure the convergence of the system trajectory to the
sliding surface (28) and compensate for disturbances and
uncertainties. Indeed, if a matched disturbance d affects the
system through channel (19), the additional term Asdp will
appear on the right-hand side of (36), so the upper bound on
VZ can be derived as follows

Vz =0z [AQdT - /BzSgn(az)]
<|Azlldrlo-| = Belo=| <|drllo-|

—(B: = Lz)|o-],

where L, € RT represents the upper bound of a disturbance
dr, ie.|dr| < L,. Hence, V, will be negative definite if
the thrust switching magnitude is chosen large enough to
attenuate disturbances such that 8, > Ly 4+ «/vZ holds,
thus providing the finite-time convergence of the system
trajectories to the sliding manifold (28).

- Bz|0z| (38)

B. SOSM based attitude control of the quadrotor UAV

This section describes the SOSM based design of the atti-
tude control vector. It implies the design of three controllers
that provide three moments 7, 7,, and 7, to reach the UAV
reference orientation. Firstly, define the roll tracking error
ey as the difference between the actual roll angle ¢ and the
reference roll angle ¢, as

€p =@ — Pref, (39)
and the roll sliding surface as
0p =€y + c¢|e¢|%sgn(e¢) =0, (40)

where ¢y is a positive constant. The derivative of the sliding
variable o4 from (40) yields the following

¢ .
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Second derivative of ¢ is obtained using (23) as follows
¢ =P+ QA3+ QA3 + RAy + RA,, (42)

where Az = sgtp and Ay = cyty. Substituting (20) in (42)
and using the condition

Oy = €g + (41)

¢ + B¢Sgn(o¢) =0 43)

for the finite-time convergence to the roll sliding surface (40),
the control law for the moment around the z axis is .

Te =Ixx [*alQR+A2WGQ*QA3 —QA;—
(44)
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where a; = “‘;ﬂ and a, = IIZXZM are introduced
to shorten the notation. To compensate for the matched
disturbance d,, and other uncertainties that affect the system
through the channel (20), the switching control parameter
Bs € RT should be selected such that 35 > L, + @/v2
holds, where L, € R* is the upper bound of disturbance
d.,, thatis, |d. | < L.
The SOSM based controllers for 7, and 7, can be synthesized
in a similar way to previously described procedures for the
design of thrust 7' and moment 7, as follows: .
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where b; = Izzlﬁ, by IIZZM, As = 22 Ag = 2,
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and d; = IX’§ZZYY are used to shorten the equations.

Control parameters cg and cy represent positive constants,
while pitch and yaw switching magnitudes should be selected
large enough to compensate for matched disturbances d,
and d.,, with upper bounds Lg and L., respectively, such
that 89 > Ly + ¢/v2 and By > Ly + @/\/2 hold.



IV. SIMULATION RESULTS

This section presents, through different demonstration sce-
narios, the robustness properties of the SOSMC designed in
the previous section to track the reference trajectories of the
quadrotor UAV. The simulations are performed in Simulink
using a fixed time step 7; = 1[ms]. The results were
compared with those obtained using the FOSMC designed in
[31] and showed the most promising tracking performance
and robustness properties. Performance comparison analysis
using SOSMC and FOSMC will be illustrated on a gener-
alized UAV model using the same quadrotor and FOSMC
parameters as in [31]. The following SOSMC parameters
are used: ¢, = 17,c4 = 5,c9 = 5,c = 10, 5, = 100,
Be =8, Bo =8, By = 0.3. These parameters were selected
experimentally, using the trial and error method.

A. Comparison analysis of the quadrotor trajectory tracking
in the absence of external disturbances

The first simulation scenario demonstrates the performance
of SOSMC and FOSMC in tracking the UAV’s trajectory
when faced with the perturbation of initial conditions, but
without any external disturbances. However, the SOSMC
exhibits a significant improvement in the convergence of the
quadrotor altitude to its reference value. Fig. 3 illustrates that
both control strategies, FOSMC and SOSMC, ensure finite-
time convergence of the system trajectories to the sliding
manifolds. Fig. 4 depicts that SOSMC improves quadrotor
performance, as it takes less time to reach the desired value
of z (height), which is the coordinate at which the initial
position perturbation was performed. Unlike FOSMC, all
reference values are reached in finite time using SOSMC.
Fig. 5 shows an asymptotic convergence of the first derivative
of altitude and orientation tracking errors provided by both
controllers. Additionally, it can be observed that all first
derivatives of the tracking errors converge to zero within
a short period, and after 3 seconds, all signals are in the
vicinity of equilibrium. Only in the case of FOSMC, it takes
longer (around 8.5 seconds) for the first derivative of the
altitude tracking error to reach equilibrium. Fig. 6 shows
control signals, and it is noticeable that both controllers need
a lot of power and have roughly the same control action.

B. Comparison analysis of the quadrotor trajectory tracking
in the presence of external disturbances

The second simulation scenario introduces a matched van-
ishing disturbance ds(t) = s(¢) — s(t — 1) through the state
channel (19), where s(t) denotes the step signal. A more
challenging reference trajectory is used, called Vivian, but
without perturbing the initial conditions of the quadrotor.
Fig. 7 shows that both controllers are able to easily maintain
the robust stability of the closed-loop system in the presence
of vanishing disturbance, but without perturbation of initial
conditions.

A non-vanishing disturbance d4(tf) = 2.5sin(3t) is intro-
duced in the third simulation scenario. The disturbance is
added to the system through channels (20), (21), (22), (23)
and (24), thus representing a combined influence of matched

and mismatched disturbances. Fig. 8 shows the improved
tracking performance of SOSMC, since FOSMC exhibits
slight oscillations around the reference trajectory, which is
a consequence of a lower attenuation of the mismatched
disturbance. However, it can be observed in Fig. 9 that
the quadrotor tracking errors converge to zero very quickly,
although certain oscillations of small amplitude are still
noticeable in the quadrotor altitude when using FOSMC.

C. Comparison analysis of the quadrotor trajectory tracking
using HGA

As evidenced in previous simulation scenarios, SOSMC has
demonstrated improved robustness properties and superior
tracking performance compared to FOSMC. However, it
should be noted that both controllers manifest a chattering
effect within their control signals. Reducing the chattering
phenomenon can be performed by finding the mean value of
the switching control term in the SMs. Therefore, SOSMC-
HGA will act the same as the convenient SOSMC when
trajectories are not on the sliding surface and is hence
implemented as

U= aeq + Uconwv,
aeq + LPF(ucon’u)v

where o4 = 0.1 is a constant experimentally determined
to be located in the vicinity of the sliding manifold, and
Grpr(s) = %H is a transfer function of the low-pass filter
(LPF). LPF parameters are selected separately for each of the
four controlled variables as follows: K, = 0.2, Ky = 0.01,
Ky = 0.01, K, = 0.088, T, = 0.04, T4, = 0.0004,
Ty = 0.0004, Ty, = 0.00007. In Fig. 10 it is shown that
SOSMC-HGA robustly stabilizes the closed-loop system,
providing similar results to SOSMC in simulation scenario
3. In Fig. 11 it is shown that the sliding variables are
smoother and converge to zero in finite time. Nevertheless,
the main contribution of SOSMC-HGA is illustrated in Fig.
12. Control signals now contain significantly less chattering,
which is a key advancement, since it increases the safety and
reduces the power consumed by UAVs.

for |o| > o4, 46)
for |o] < o4,

6.

z(m)

FOSMC
SOSMC
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Fig. 2: Trajectory tracking of the quadrotor (simulation
scenario 1)
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V. CONCLUSIONS

This paper presents the SOSMC design to robustly stabi-
lize the highly nonlinear and underactuated quadrotor UAV in
the presence of modeling uncertainties and bounded external
disturbances. The SOSMC is able to drive the quadrotor UAV
to a desired 3D trajectory, maintaining the reference position
and orientation. The stability analysis performed shows that
the proposed SOSMC ensures finite-time convergence of the
quadrotor UAV trajectories to the sliding surfaces and finite-
time convergence of its tracking errors to the origin. The
SOSMC design for the quadrotor UAV is simplified using the
flat mapping between the Euler and Cartesian coordinates. A
notable attenuation of the chattering phenomenon is achieved
by adopting the HGA algorithm in the SOSMC scheme.
Simulation studies have shown that the designed SOSMC
and SOSMC-HGA exhibit enhanced robustness properties
and tracking performance of the quadrotor UAV compared to
competitive methods. This improvement is especially evident
in the significant decrease in the convergence time of the
UAV altitude, which is one of the most important parameters.
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